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1. INTRODUCTION AND PREL IMINARIES  
Recently, Tarafdar and Watson [1] gave a minimax inequality for mappings with noncompact 
domain by using the coincidence theorem. The object of this paper is to obtain a minimax 
inequality for mappings with noncompact domain under different assumptions, it is then used to 
give some new minimax inequalities. 
Our main result is the following Theorem 2.1. Its proof relies on Lemma 1.1 below, which is 
a modified version of Theorem 2 in [2]. Let X and Y be topological spaces. By a set-valued 
mapping T defined on X with values in Y, we mean that to each point x E X, T assigns a unique 
nonempty subset T(x) of Y. T is called upper semicontinuous if for each open subset G of Y, 
the set {x E X : T(x)  C G} is open in X. Let D be a convex subset in atopologicai space 
and let f be a real-valued function defined on D. We recall that f is upper semicontinuous if 
for any real number t the set {x E D : f (x )  k t} is closed, f is lower semicontinuous if - f  is 
upper semicontinuous, f is quasiconvex if for any real number t the set {x E D : f (x )  < t} is 
convex, f is quasiconcave if - f  is quasiconvex. Clearly, the quasiconvexity of f implies that the 
set {x e D:  f (x )  <_ t} is convex for any real number t. 
LEMMA 1.1. Let E ,F  be Hausdorff topological vector spaces, let X C E, Y C F be nonempty 
convex subsets, and let A C X x Y be a subset, such that 
(a) for each y E Y,  the set {x E X : (z, y) ~ A} is convex or empty; 
(b) for each z E X ,  there exists a dosed subset ]Ix C Y,  such that set { y ~ Y : ( z, y) E A} a Yx. 
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Suppose that there exist a subset B of A and a compact convex subset K of Y, such that B is 
closed in X x Y and 
(c) for each x E X,  the set {y E K : (x, y) e B} is nonempty and convex. 
Then 
N 
xEX 
2. MAIN  RESULTS 
In this section, we give some new minimax inequalities for mappings with noncompact domain. 
THEOREM 2.1. Let E ,F  be Hausdorff topological vector spaces, X c E, Y c F be nonempty 
convex subsets. Let f ,  g : X x Y ~ I:l be two reaI-vaIued functions, such that 
(i) f (x,  y) < g(x, y), for all (x, y) e X × Y; 
(ii) f (x,  y) is quasiconvex on X,  for each y E Y, 
(iii) g(x, y) is upper semicontinuous on Y, for each x E X.  
If  T is an upper semicontinuous set-valued mapping defined on X ,  such that 
(iv) Tx is a compact convex subset of Y, for each x E X; 
(v) for each x E X,  there exists a subset V~ C Y, such that VxNTx ~ @ and K = Uxex Vz c Y 
is compact convex subset. Then, 
inf f (x ,y )  < sup inf g(x,y). (2.1) 
yETx -- yEY xEX 
REMARK 2.2. If Y is compact in Theorem 2.1, one gets Theorem 8 from [2]. 
PROOF. First, we can assume that the left-hand side of (2.1) is not - co ,  choose a real number t, 
such that 
inf f (x ,y)  > t. 
y6Tx 
Let A = ((x,y) E X xY  : S(x,y) > t), B = ((x,y) E X x Y : y E Tx) ,  and Y~ = (y e 
Y : g(x,y) > t}, for eachx  E X. Then, using (ii), for eachy  E Y, theset  {x e X : (x,y) 
A} -- {x e X : f (x ,y )  < t) is convex, or empty as f (x ,y )  is quasiconvex on X for each y E Y, 
so A satisfies Condition (a) of Lemma 1.1. By Assumptions (i) and (iii), for each x c X, 
(y e Y : (x,y) E g}= {y E Y : f (x ,y)  > t) C (y E Y : g(x,y) > t} = Yx, so A and Y~ satisfy 
Condition (b) of Lemma 1.1. 
Next, we show that B is closed in X x Y. To see this, let x~ --+ xo, y~ E T(x~) and y~ ~ yo, we 
claim yo E T(xo). Indeed if this is not the case, that is, Yo ¢ T(xo). Then for each y e T(xo) there 
exist an open subset Wy C Y which contains y and an open subset Uy C Y which contains Y0, 
such that Wy N Uy ---- ~. Note that T(xo) C UyeT(zo) Wy, since T(xo) is compact, so there exists 
a finite subset {Yl, Y2, • • • , y~} of T(x0), such that T(xo) C U ni=l Wy~ = W. Let U = N,~=I Uy,, 
this implies y0 c U and W N U -- ~. As T is an upper semicontinuous, and so there exists an 
open subset D which contains x0, such that for each x~ e D, T(x~) c W. Thus, T(x~) n U = ~, 
but this contradicts y~ -+ Y0. It follows that B is closed in X x Y. 
Finally, using (v), for each x E X,  the set {y E K : (x, y) C B} = Uxex V~NTx is nonempty and 
convex. So K and B satisfy Condition(c) of Lemma 1.1, thus, by Lemma 1.1, n~ex  Y~ N K 7 ! ~. 
That is, there exists Y0 E K, such that 
g(x, y0) > t, 
for all x E X. This show that 
sup inf g(x,y) > t, 
yEY m6x 
and hence, (2.1) holds. This completes the proof of Theorem 2.1. 
As an immediate consequence of Theorem 2.1, in the following, we have a minimax inequality 
generalizing Theorem 1 of [3]. 
Some Minimax Inequalities 719 
THEOREM 2.3. Let X,  Y, and T be as in Theorem 2.1. Let f : X x Y -4 R be a real-valued 
function, such that 
(i) f(x,  y) is quasiconvex on X,  for each y E Y; 
(ii) f(x,  y) is upper semicontinuous on Y, for each x C X .  Then, 
inf f(x,y) <_ sup inf f(x,y). 
yETx  yEY  xcX  
PROOF. Take f = g in Theorem 2.1. 
By employing Theorems 2.1 and 2.3, we prove the following Theorems 2.4 and 2.5, which are 
the generalizations of Fan's minimax inequality [4, Theorem 5]. 
THEOREM 2.4. Let E be ~ Hausdorff topological vector space, X c K, K C Y, and Y C E be 
nonempty convex subsets and K be compact. Let f, g : X x Y -4 R be two real-valued functions 
satisfying Conditions (i)-(iii) of Theorem 2.1. Then 
inf f(x,  x) < sup inf g(x, !1). 
xEX --  yEY  xEX 
PROOF. Let Vx = K for each x E X. The set-vMued mapping T is defined by Tx = {x} for each 
x ~ X, the result follows by Theorem 2.1. 
THEOREM 2.5. Let X,  Y, and K be as in Theorem 2.4. Let f : X x Y --~ R be a reel-valued 
function satisfying Conditions (i),(ii) of Theorem 2.3. Then, 
inf f(x,  x) < sup inf f(x,  y). 
xEX - -  yEY  xEX 
REMARK 2.6. In Theorems 2.4 and 2.5, X or Y need not be compact, thus, Theorems 2.4 and 
2.5 are the generalizations of Theorems 10 and 11 in [2] and Theorem 5 in [4]. 
PROOF. For each x E X,  take Tx = {x} and let V~ = K, the result follows by Theorem 2.3. 
As another application of Theorem 2.1, we obtain the following. 
THEOREM 2.7. Let X,  Y, and T be as in Theorem 2.1. Let f ,g  : X x Y -4 R be two real-valued 
functions, such that 
(i) f(x,  y) < 9(x, y), for all (x, y) E X x Y; 
(ii) f(x,  y) is lower semicontinuous onY, for each x E X;  
(iii) 9(x, y) is quasiconvax on X,  for each y El f .  Then, 
inf sup f(x, y) < sup g(x, y). (2.2) 
yEY  xEX --  yETx  
PROOF.  
Theorem 2. I, 
that is, 
Set f '  = -g,  g' = - f ,  then f/, g, satisfy Conditions (i)-(iii) of Theorem 2.1. Thus, by 
inf sup f(x,  y) < sup 9(x, y). (2.3) 
yEY  xEX --  yETx  
This completes the proof of Theorem 2.7. 
By taking f = g, and then Tx = {x}, for each x E X in Theorem 2.7, one gets the following 
three minimax inequalities, the proof is omitted. 
inf f'(x, y) < sup inf g'(x,y), 
yETx  yEY  x~X 
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THEOREM 2.8. Let  X ,  Y ,  and T be as in Theorem 2.1. Let  f : X x Y --* R be a real-valued 
function, such that 
(i) f (x ,  y) is lower semicontinuous on Y ,  for each x E X ;  
(ii) f (x ,  y) is quasiconvax on X ,  for each y E Y .  Then, 
inf sup f (x ,y)  <_ sup f (x,y).  
yEY xcX yETx 
REMARK 2.9. Theorem 2.8 is different from Theorem 3 in [1] for mappings with noncompact 
domain and Y need not be locally convex and complete. 
THEOREM 2.10. Let E be a Hausdorfftopological vector space, X C K, K C Y, and Y C E be 
nonempty convex subsets and K be compact. Let f, g : X x Y ~ R be two real-valued functions 
satisfying Conditions (i)-(iii) of Theorem 2.7. Then, 
inf sup f(x, y) < sup g(x, x). 
yEY xEX -- xCX 
THEOREM 2.11. Let X,  Y, and K be as in Theorem 2.10. Let f : X × Y --+ R be a real-valued 
function satisfying Conditions (i)-(ii) of Theorem 2.8. Then, 
inf sup f(x, y) < sup f(x,  x). 
yEY xcX -- xEX 
T:~EMARK 2.12. In Theorems 2.10 and 2.11, X or Y need not be compact, thus, Theorems 2.10 
and 2.11 are new minimax inequalities of Ky Fan. 
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